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Colloidal particles that are dissolved in a liquid can become charged by preferential adsorption or dissocia-
tion of surface molecules. The assumption of a constant surface charge density leads to a particle charge that
is proportional to the square of the radius. Recent experiments however have shown that in a number of cases
the charge is linearly proportional to its size. We present a simple model for the charging of colloidal particles
leading to a linear relation between charge and size in the framework of the mean-field Poisson-Boltzmann
theory. The model is based on preferential adsorption or dissociation of surface molecules, in combination with
a large concentration of chargeable surface sites. The model also predicts a surface potential that is independent
of the particle size. Numerical simulations show that this model is in good agreement with analytical
approximations.
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I. INTRODUCTION

Charged colloidal particles are used in different applica-
tions, such as pharmaceuticals, soil mechanics, engine oils,
and paints. In recent years, fundamental research has been
carried out on the nucleation and growth of electrostatically
stabilized colloidal crystals used as a model system for
atomic systems �1�, as well as on the interaction potential
between charged colloidal particles �2,3�. A practical appli-
cation is found in electrophoretic displays �4,5�. It is clear
that the properties of colloidal dispersions depend strongly
on the electrical charge of the particles. Since it is difficult to
measure the charge of a particle directly, it is usual to deter-
mine the particle mobility in an electrical field and to use a
model to relate the mobility to the charge. Several methods
have been developed to determine the mobility of colloidal
suspensions �electroacoustics �6�, electrophoretic light scat-
tering �7�, video microscopy electrophoresis �8�, optical
tweezing electrophoresis �9��. In order to model the move-
ment of a single colloidal particle in an electrical field, three
problems have to be addressed: The chemical equilibrium for
charging the surface of the particle, the electrostatic distribu-
tion around the particle related to ions in the liquid, and
finally the hydrodynamic motion of the particle in the liquid.
These problems influence each other and have to be solved
simultaneously. The simplest model uses a perfectly spheri-
cal particle with a uniform surface potential surrounded by a
double layer of ions and counter ions. The ions have a
Boltzmann distribution around the charged particle, and the
interaction with the electric field is taken into account by the
Poisson equation. The combined mean-field Poisson-
Boltzmann equation yields a relation between the surface
potential of the particle and its charge. The Stokes law for
the friction on a spherical particle in a liquid can be used to
link the surface potential to the particle mobility �10�.

A colloidal particle can obtain a charge by preferential
adsorption of charges or by dissociation of ions from the

surface. Sometimes the chemical composition of the surface
gives an indication for the charging mechanism. It is known
for example that the principal mechanism by which silica
particles acquire a charge in contact with water at high pH, is
the dissociation of sylanol groups: SiOH�SiO−+H+. In
many other cases it is not obvious to predict how the charg-
ing occurs. One way to determine the charging mechanism is
to measure the particle charge for a variety of parameters:
Different solvents, different electrolyte concentrations, and
different particle sizes �11,12�. The observation of the iso-
electric point where the charge shifts from positive to nega-
tive or vice versa for increasing pH, is one example of this.

Recent experiments on charged pigment particles in non-
aqueous media and on particles with different surface chem-
istry in aqueous media suggest that the charging mechanism
often leads to a surface potential that is more or less inde-
pendent of the particle size �12,13�. A good way to test the
hypothesis of a constant surface potential in the framework
of the Poisson-Boltzmann model is to check if there is a
linear relation between the particle charge and the size for
small particles. Garbow et al. have indeed demonstrated such
a linear relation in low-salt aqueous media �12�. This result
does not correspond to a particle charge that is proportional
to the surface area, because this leads to a quadratic relation
between charge and size. The explanation for the linear
charge-size relation has to originate from a specific charging
model. In the next section two basic charging mechanisms
are discussed, namely preferential adsorption and dissocia-
tion of surface ions, providing a simple model for the linear
charge-size dependency.

II. THEORY

Consider a single spherical colloidal particle with radius R
and surface area 4�R2 suspended in a liquid with dielectric
constant �r. The liquid contains potential-determining ions
that are responsible for the development of a surface charge,
and indifferent ions that are not chemically interacting with
the particle surface. The potential-determining ions are mod-
eled as an electrolyte containing positive and negative
charges in the form of ions in aqueous media or inverse
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micelles in nonaqueous media. In the following we will use
the term ions to refer to both types of charged particles. In a
continuous mean-field model, the concentrations of positive
and negative potential-determining ions at infinity are de-
noted as p̄�m−3� and n̄�m−3�. When a particle that is initially
neutral is placed in this medium, it can obtain a charge
through mechanisms like preferential adsorption or dissocia-
tion of surface molecules.

A. Preferential adsorption

1. Model

The reaction for preferential adsorption at the surface can
be expressed by the following formulas:

S + P � SP , �1�

T + N � TN , �2�

with S an unoccupied adsorption site for positive ions, P a
free positive ion with charge zP, and SP a positively charged
surface site, with corresponding concentrations �S�m−2�,
p�m−3�, and �SP�m−2�. Similarly, T is an adsorption site for
negative ions, N a free negative ion with charge −zN, and TN
a negatively charged site, with corresponding concentrations
�T�m−2�, n�m−3�, and �SN�m−2�. When the adsorption of one
type of ion is preferred, the particle obtains a charge Z in
units of the elementary charge e. For example, in an electro-
lyte with R�NH3

+ and Cl− ions with R� being a hydrocarbon
chain, preferential adsorption of R�NH3

+ leads to a positively
charged particle. The equations describing the equilibrium at
the particle surface are

�SP

�Sp
= KP, �3�

�TN

�Tn
= KN, �4�

where KP and KN represent the equilibrium constants of Eqs.
�1� and �2�. The total concentrations of adsorption sites that
can be positively or negatively charged are respectively
given by �S

max and �T
max and therefore

�S
max = �S + �SP, �5�

�T
max = �T + �TN, �6�

The equilibrium particle charge Z is determined by the
number of positive and negative charges on the surface:

Z = ��SPzP − �TNzN�4�R2. �7�

When the particle charge is high, ions in the liquid with
the same sign are repulsed, while ions with the opposite sign
are attracted. The electrical potential in equilibrium at dis-
tance r from the particle center is ��r�, with dimensionless
value ��r�=e��r� /kBT, with kB the Boltzmann constant and
T the temperature. The equilibrium between electrostatic
forces and thermal diffusion leads to a Boltzmann distribu-
tion of the ions, in which the surface concentrations p and n

are determined by the surface potential �0=��R�:

p = p̄ exp�− zP�0� , �8�

n = n̄ exp�zN�0� . �9�

The relation between �0 and Z is found by solving the
Poisson-Boltzmann equation �PBE� for a spherical particle
�Eq. �10�� in combination with Gauss’ law �Eq. �11�� and
����=0. The summation goes over all ionic species includ-
ing indifferent ions with bulk concentration ni0 and valency
zi:

�2� = −
e

�0�rkBT
�

i

zieni0 exp�− zi�� , �10�

�d�

dr
�

R
= −

Z	B

R2 , �11�

with Bjerrum length 	B=e2 /4��0�rkBT. For sufficiently low
potentials ��0
1� the PBE can be linearized:

�2� =
e2

�0�rkBT
�

i

zi
2ni0� = �2� , �12�

with �−1=��0�rkBT /e2�ini0zi0
2 the Debye length. The solu-

tion of Eq. �12� is the well known screened Coulomb poten-
tial ��r�=�0�R /r�e−��r−R� �14�, and together with Eq. �11�
the surface potential can be related to the particle charge:

�0 =
Z	B

R�1 + �R�
=

Z

ZA
, �13�

with the definition ZA=R�1+�R� /	B.

2. Equilibrium charge

The equilibrium charge is found by eliminating
�S ,�SP , p ,�T ,�TN ,n in Eqs. �3�–�9�:

Z =
KPp̄zP�S

max4�R2

ezP�0 + KPp̄
−

KNn̄zN�T
max4�R2

e−zN�0 + KNn̄
, �14�

and by stating that the equilibrium surface potential �0 is
related to the charge Z through equations �10� and �11�.
Equation �14� reflects an electrostatic feedback mechanism
in which the particle charge Z is determined by the ion con-
centrations p and n at the particle surface. The concentrations
close to the surface depend on the surface potential �0, and
�0 is determined by the particle charge Z.

In Sec. III Eq. �14� is solved numerically to find the equi-
librium charge Z. Some cases result in a particle charge Z
that is proportional to the surface area 4�R2 or in other
words in a surface charge density that is independent of the
size. On the other hand, the parameters are often well de-
scribed by a constant surface potential, for instance when the
concentrations of surface sites �S

max and �T
max are sufficiently

large. We will discuss this case in more detail in the next
sections. In this regime it is found that the charge of small
particles ��R
1� is proportional to their radius.
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3. Large concentrations of surface sites

In a number of cases, the system of equations �10�, �11�,
and �14� determining the surface potential �0 can be simpli-
fied considerably. Let us assume for example that the surface
site concentrations �S

max and �T
max are sufficiently large in or-

der to have

KPp̄ · zP · �S
max4�R2

ezP�0 + KPp̄
� �Z�,

KNn̄ · zN · �T
max4�R2

e−zN�0 + KNn̄
� �Z� .

�15�

In this case, the two terms on the right-hand side in Eq. �14�
will be approximately equal. Setting both terms equal yields
an equation for the surface potential in which the particle
size does not appear:

KPp̄ · zP · �S
max

ezP�0
A

+ KPp̄
=

KNn̄ · zN · �T
max

e−zN�0
A

+ KNn̄
. �16�

The solution of this equation �0
A is often a good approxima-

tion for the surface potential �0. The fact that �0
A is inde-

pendent of the particle size may seem surprising. It can be
understood by the important role of the particle charge in the
charging mechanism: the particle repels ions with a charge of
the same sign and attracts ions of the opposite sign.

Equation �16� can only be solved analytically when some
additional assumptions are made. In the next sections we will

discuss the value of �0
A as well as the size and concentration

dependency for some special cases.
(i) Most surface sites not occupied. When most surface

sites are not occupied we have �SP
�S and �TN
�T. In this
case the chemical balance of reactions �1� and �2� is largely
shifted to the left and we have �Eqs. �3� and �4�� KPp̄
1 and
KNn̄
1. Equation �16� then reduces to

KPp̄ · zP · �S
max

ezP�0
A =

KNn̄ · zN · �T
max

e−zN�0
A , �17�

which can be solved analytically to give an approximate ex-
pression for the potential �0

A:

�0
A =

1

�zP + zN�
ln	KPp̄ · zP · �S

max

KNn̄ · zN · �T
max
 � A , �18�

where the latter equation defines the quantity A. We find a
surface potential that is independent of the particle size and
independent of the electrolyte concentration in the case of
charge neutrality p̄zP= n̄zN for the potential-determining ions.
There is a small dependency on the electrolyte concentration
when p̄zP� n̄zN.

(ii) Generalization of formula (18). The result in Eq. �18�
has a limited validity. In the case that zP=zN=z, Eq. �16�
reduces to a quadratic equation in ez�0 and the following
solution is valid for arbitrary values of KPp̄ and KNn̄:

�0
A =

1

z
ln	KPp̄KNn̄��S

max − �T
max� + ��KPp̄KNn̄��S

max − �T
max��2 + 4KPp̄KNn̄�S

max�T
max

2KNn̄�T
max 
 . �19�

Obviously, Eq. �19� reduces to Eq. �18� for KPp̄
1 and
KNn̄
1.

(iii) Particle charge and mobility. The approximated
value �0

A of the surface potential can now be related to the
particle charge Z. Combination of Eq. �18� and the linearized
solution of the PBE �Eq. �13�� which is valid for �0
1 as
well as for �R
1, leads to the following value for the par-
ticle charge:

Z =
R�1 + �R�

	B
�0

A. �20�

For small particles ��R
1�, the equilibrium charge becomes

Z =
�0

AR

	B
, �21�

representing the remarkable linear charge-size relation.
Larger particles ��R�1� show a quadratic proportionality
according to Eq. �20�.

The surface potential �0
A can also be used to find the

corresponding electrophoretic mobility. For low ion concen-
trations the Debye length is large and the electrical potential

decays slowly. In that case we can assume that the surface
potential ��R� is equal to the zeta potential , and we can
obtain an approximation for the mobility. For small values of
the surface potential �let us say �0�3� Henry’s equation
�= f��R��2�0�r��R� /3��= f��R���0ze /6��	B� can be
used, with f��R� varying monotonically between 1 for �R

1 and 1.5 for �R�1 �10�. The reduced mobility �red
= �2/3�ze�� /�0�rkBT corresponding to a particle with the
surface potential �0

A becomes

�red =
4�0

A

9
f��R� . �22�

This reduced mobility is only slightly dependent on the par-
ticle size through the function f . In the regions �R
1 and
�R�1 the mobility is independent of the size.

B. Dissociation of surface molecules

1. Model

We again consider a particle with radius R suspended in a
liquid containing potential-determining and indifferent ions.
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Instead of the previously described preferential adsorption,
the particle can now obtain a charge through dissociation of
specific molecules at the surface. In such a dissociation pro-
cess, a neutral surface molecule splits into a charged part that
remains attached to the surface, and an oppositely charged
part that becomes a free ion. We consider two types of spe-
cific molecules on the particle surface, and we will reuse
some notations from the preferential adsorption model. The
chemical reactions at the particle surface are described by the
following formulas:

S � SP + N , �23�

T � TN + P . �24�

S represents a molecule with surface concentration
�S�m−2� for which the positive part remains attached to the
particle, while T with concentration �T�m−2� represents a
molecule for which the negative part remains attached. The
charged molecules on the surface, SP and TN have concen-
trations �SP�m−2� and �TN�m−2� and valencies respectively zP

and −zN. The dissociated free ions N and P have valencies
−zP and zN and concentrations n�m−3� and p�m−3� close to the
surface. We assume that the bulk concentrations p̄ and n̄ of
positive and negative ions and indifferent ions are unchanged
by the additional release of dissociated ions. An example of
this mechanism is the dissociation of hydrogen from acidic
surface groups R�COOH�R�COO−+H+ leading to a nega-
tively charged particle. For basic surface groups
R�OH�R�++OH− the dissociation leads to a positively
charged particle. The equations describing chemical equilib-
rium at the particle surface are

�SP · n

�S
= KP, �25�

�TN · p

�T
= KN, �26�

where KP and KN are the equilibrium constants of Eqs. �25�
and �26�. The total concentrations of surface sites that can be
positively or negatively charged are respectively given by
�S

max and �T
max and therefore

�S
max = �S + �SP, �27�

�T
max = �T + �TN. �28�

The equilibrium charge is

Z = ��SPzP − �TNzN�S . �29�

The surface concentrations p and n are related to the bulk
concentrations p̄ and n̄ by

p = p̄ exp�− zN�0� , �30�

n = n̄ exp�zP�0� . �31�

The relation between the charge and the surface potential is
again found by solving Eqs. �10� and �11�.

2. Equilibrium charge

The equilibrium charge is the solution of Eqs. �25�–�31�:

Z =
KP · zP · �S

max4�R2

KP + n̄ezP�0
−

KN · zN · �T
max4�R2

KN + p̄e−zN�0
, �32�

where �0 is a function of Z through Eqs. �10� and �11�. In
Sec. III B the equilibrium charge Z is calculated numerically.
We find again that in some cases the particle charge is pro-
portional to the surface area 4�R2. When the concentrations
of surface sites are sufficiently large there is again a regime
where the surface potential is independent of the size, and
where the particle charge is proportional to the particle size.
Since many conclusions are similar to those of the preferen-
tial adsorption model �Sec. II A�, the discussion is shortened
considerably.

3. Large concentrations of surface sites

As in Sec. II A 3 we make the assumption that the surface
site concentrations �S

max and �T
max are sufficiently large so that

both terms at the right-hand side of Eq. �32� are—in absolute
value—much larger than �Z�:

KP · zP · �S
max4�R2

KP + n̄ezP�0
� �Z�,

KN · zN · �T
max4�R2

KN + p̄e−zN�0
� �Z� .

�33�

In many cases a good approximation for the potential �0
A

can be obtained by setting the two terms on the right-hand
side in Eq. �32� equal to each other:

KP · zP · �S
max

KP + n̄ezP�0
A =

KN · zN · �T
max

KN + p̄e−zN�0
A . �34�

The surface potential �0
A is again independent of the particle

size.
In the following sections we will derive analytical equa-

tions for �0
A in some special cases and discuss the size and

concentration dependency.
(i) Most surface sites not dissociated. When most surface

sites are not dissociated we have �SP
�S and �TN
�T. In
this case the chemical balance of reactions �23� and �24� is
largely shifted to the left and we have �Eqs. �25� and �26��
KP
 n̄ and KN
 p̄. Equation �34� then reduces to

KP · zP · �S
max

n̄ezP�0
A =

KN · zN · �T
max

p̄e−zN�0
A . �35�

Equation �35� can be solved analytically to give an approxi-
mate value for the surface potential �0

A:

�0
A =

1

�zP + zN�
ln	KPp̄zP�S

max

KNn̄zN�T
max
 � A , �36�

which is similar to Eq. �18�.
(ii) Generalization of formula (36). For larger values of

KP / p̄ and KN / n̄ an analytical solution �0
A of formula �34�

can be found in the case that zP=zN=z:
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�0
A =

1

z
ln	KPKN��S

max − �T
max� + ��KPKN��S

max − �T
max��2 + 4KPp̄KNn̄�S

max�T
max

2KNn̄�T
max 
 . �37�

It can be verified that Eq. �37� reduces to Eq. �36� for KP

 n̄ and KN
 p̄.

(iii) Particle charge and mobility. The surface potential
�0

A can be related to the particle charge and mobility as
explained in Sec. II A 3. As a result, small particles ��R

1� will again show a linear charge-size relation.

III. SIMULATIONS

The main goal of the simulations is to verify the validity
of the derived analytical solutions, and to find the size and
concentration dependency of the equilibrium charge, since
this can be compared to experimental data. The input param-
eters are �, R, KP, KN, p̄, n̄, zP, zN, 	B, �S

max, �T
max and the

output parameters are Z and �0. Simulation results are
shown for the case of a symmetrical electrolyte without in-
different ions: zP=zN=1 and p̄= n̄.

A. Preferential adsorption

1. Size dependency

Simulations have been carried out using the model of
preferential adsorption as described in Sec. II A. Equation
�14� is solved numerically with parameters �−1=750 nm,
	B=7.03�10−10 m, p̄= n̄=1020 m−3, and zP=zN=1. The
equilibrium constants KP=10−19 m3 and KN=10−21 m3 result
in a value for A=3.45 �Eq. �18��. Simulations are shown in
Fig. 1 for particles with radius between 1 nm and 10 �m.
Each line corresponds to one value of �S

max going from
1010 m−2 up to 1020 m−2 in steps of a factor 10. �T

max is al-
ways chosen 10 times smaller than �S

max; thus �T
max

=0.1·�S
max. Since the solution �0

A of Eq. �16� depends only
on the ratio of �S

max and �T
max, the corresponding value of �0

A

is the same for all the lines.
In Fig. 1�a� we find that for low values of �S

max, the charge
can be approximated by a simplified version of Eq. �14� in
which the charge is proportional with R2:

Z = 	KPp̄ · zP · �S
max

1 + KPp̄
−

KNn̄ · zN · �T
max

1 + KNn̄

4�R2. �38�

For increasing values of �S
max, the charge approaches the ana-

lytical solution ZA�0
A �Eq. �20�� for all radii. Notice the lin-

ear charge-size relation for sizes between 1 nm and 0.1 �m
�corresponding to �R
1� changing to a quadratic relation
for sizes above 0.5 �m ��R�1�.

Figure 1�b� shows the results for the surface potential �0.
As expected the potential becomes �0

A=3.45 if the concen-
tration �S

max is sufficiently high.

2. Concentration dependency

The dependency of the equilibrium charge on the electro-
lyte concentration is simulated in Fig. 2, using the same pa-

rameters as in Fig. 1. A fixed value R=400 nm was chosen
for the particle radius. The equilibrium charge was calculated
for electrolyte concentrations p̄= n̄ varying from
1018 m−3 to 1023 m−3. The lower charges in Fig. 2�a� can
again be described by Eq. �38�. This means that the charge Z
is proportional with the electrolyte concentration for KPp̄

1 and saturates for large electrolyte concentrations �KPp̄
�1� when all adsorption sites are charged.

For high values of �S
max the charge saturates at a value

ZA�0
A according to Eq. �20�. The saturation value is constant

for small electrolyte concentrations �Eq. �18��, and increases
for high concentrations p̄, because the Debye length �−1 de-
creases and because the potential increases as described by
Eq. �37�. Figure 2�b� shows that the saturated value of the
equilibrium surface potential �0

A is constant for low concen-
trations p̄, and increases according to Eq. �37� for high con-
centrations when most of the sites are charged.

FIG. 1. Simulation results and analytical equations �a� of the
equilibrium particle charge Z and �b� of the surface potential �0 as
a function of the particle radius R and the concentration of adsorp-
tion sites �S

max. Each line corresponds to a value of �S
max �the value

of �S
max in m2 is written for some lines�.
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B. Dissociation of surface molecules

1. Size dependency

The size dependency of charge and potential in the case of
dissociation of surface molecules is very similar to preferen-
tial adsorption and will not be discussed in detail. Small
charges ��0
1� are described by the reduced form of Eq.
�32�:

Z = 	KP · zP · �S
max

KP + n̄
−

KN · zN · �T
max

KN + p̄

4�R2, �39�

which has a similar relation between the charge and the size
as Eq. �38�. For high values of �S

max the potential will saturate
at the value �0

A �Eq. �34��, while the charge approaches the
value ZA�0

A �Eq. �20��, quite similar to what can be seen in
Fig. 1.

2. Concentration dependency

The concentration dependency in the case of dissociation
is different from the case of preferential adsorption. In Fig. 3
the particle charge and surface potential are simulated. Simu-
lation parameters are �−1=750 nm, 	B=7.03�10−10 m, and
zP=zN=1. The equilibrium constants are KP=1020 m−3 and

KN=1018 m−3, resulting in a value A=3.45, and the particle
radius was chosen to be R=400 nm. The equilibrium charge
was calculated for electrolyte concentrations p̄= n̄ varying
between 1018 m−3 and 1023 m−3, and for values of �S

max rang-
ing from 1011 m−2 to 1022 m−2. Each line corresponds to one
value of �S

max and �T
max is always chosen 10 times smaller

than �S
max; thus �T

max=0.1·�S
max. Since the ratio of �S

max and
�T

max is fixed, the corresponding values of �0
A are the same

for all the lines �Eq. �34��.
Low charges in Fig. 3�a� are described by Eq. �39�, this

means a constant charge for small concentrations p̄ and an
inverse relationship ��1/ p̄� for higher concentrations. For
increasing �S

max the charge Z saturates towards the value
given by Eq. �20�. Notice that the resulting charge Z may be
many thousand times smaller than in the case without elec-
trostatic feedback.

As can be observed in Fig. 3�b�, the saturated value of the
surface potential is A=3.45 for high concentrations and in-
creases as described by Eq. �37� for low concentrations.

IV. DISCUSSION

There are a lot of analogies between the models of pref-
erential adsorption and dissociation of surface molecules. In

FIG. 2. Simulation results and analytical equations �a� of the
equilibrium charge Z and �b� of the surface potential �0 as a func-
tion of the electrolyte concentration p̄ and the concentration of ad-
sorption sites �S

max. Each line corresponds to a value of �S
max �the

value of �S
max in m2 is written for some lines�.

FIG. 3. Simulation results and analytical equations �a� of the
equilibrium charge Z and �b� of the surface potential �0 as a func-
tion of the electrolyte concentration p̄ and the concentration of ad-
sorption sites �S

max. Each line corresponds to a value of �S
max �the

value of �S
max in m2 is written for some lines�.
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both models there is a range in the parameter space for which
the surface potential does not depend on the radius of the
particle. Therefore, both models are able to explain a linear
relation between particle charge and size for sufficiently
small particles. The similarity between both models implies
that it is not easy to distinguish which mechanism is respon-
sible for the behavior. Only a detailed study of the concen-
tration dependency of the charging behavior or direct evi-
dence about the chemical reactions makes it possible to
determine the appropriate model.

At this point it is interesting to compare experimental data
available from the literature with the analytical expressions
we have obtained in Sec. II. The experimental results of Gar-
bow et al. �12� on isolated particles in low-salt aqueous me-
dia with a radius between 50 nm and 1.5 �m show a linear
relation between charge and size that can be fitted well with
Eq. �21� with the value �0

A2. The linear relation between
charge and size is visible over more than a decade and is
observed in water as well as in mixed water/glycerol solu-
tions, for particles of different surface chemistry and titrated
charge numbers. The interpretation of the fitted value �0

A

2 can be illustrated by using Eq. �18�. From Eq. �18� we
find that for the case of a symmetrical 1:1 electrolyte with
charge neutrality zPp̄=zNn̄ and equal concentrations of sur-
face sites �S

max=�T
max, the value �0

A2 corresponds to a ratio
KP /KN55, which is a reasonable result. In addition Gar-
bow et al. found that the particles of very different sizes and
surface chemistries show the same reduced mobilities �12�.
With Eq. �22� this is identical with saying that the particles
have the same surface potential, and it is an indication that
the proportion of the equilibrium constants KP /KN is more or
less the same for different surface chemistries.

The models described in this paper are only valid for sys-
tems with a simple double layer, in which the discrete ions
can be described by a continuum charge density. In practice
this is fine if the particle charge Z and number of ions in the
double layer are sufficiently large.

In the presented models a necessary condition to achieve
a linear charge-size relation is a large number of chargeable
surface sites �Eq. �15� and Eq. �33��. We will now verify if
the surface density �S

max=�T
max=1 nm−2 �which is much less

than the atomic surface density� is sufficiently high to reach
the condition expressed in Eq. �15�. Using the parameters
R=100 nm, �−1=750 nm, 	B=0.7 nm, KPp̄=1, and KNn̄
=0.1, we find that the surface potential �0=1.147 is almost
equal to �0

A=1.151 and that the two terms on the right-hand
side of Eq. �14� are both much larger than Z �Eq. �14� be-
comes Z=186=30284−30098�. A similar result is found for
Eq. �33�.

Combining the Poisson-Boltzmann equation for isolated
colloidal particles �Eq. �10�� and Gauss’ law �Eq. �11�� leads
to a relation between the particle charge Z and the particle
surface potential �0. The charging mechanisms described in
Sec. II provide a third equation that is needed to determine
the values of Z and �0. Usually this third equation is not
included and either a fixed particle charge or a fixed surface
potential is assumed. The results of Sec. II can be a basis for
selecting the most appropriate parameter value for the par-
ticle. The surface potential is found to be more or less con-
stant over a large range of particle sizes and electrolyte con-
centrations. For particles with a high number of chargeable
sites �according to the necessary conditions �15� and �33��
that can be modeled in first approximation with a simple
double layer it is better justified to use a constant surface
potential. However, when the concentration of surface sites
is low or in the case of complete dissociation or complete
occupation of chargeable sites, the constant surface charge
density is a better approximation.

V. CONCLUSION

Two basic charging mechanisms for a particle dispersed
in an electrolyte have been studied in the framework of the
mean-field Poisson-Boltzmann theory: Preferential adsorp-
tion of ions and dissociation of surface ions. Analytical ex-
pressions are derived for the concentration and size depen-
dency of the equilibrium charge, surface potential, and
particle mobility. As long as the surface potential is suffi-
ciently low, the equilibrium particle charge is proportional to
the surface area of the particle, as expected. However, if the
number of chargeable sites is sufficiently large, the potential
increases and an electrostatic feedback mechanism sets in,
leading to a linear charge-size relation for both mechanisms.
Experimental data suggesting a linear charge-size relation, as
for instance found by Garbow et al. �12�, can be fitted to the
analytical equation Z=�0

AR /	B �Eq. �21��. In this work, it is
explained how the fitting parameter �0

A can be related to the
properties of the electrolyte and the equilibrium constants of
the charge determining reactions at the particle surface.
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